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Abstract
We systematically investigate the multi-stability behaviour and cooling of both librational and transla-
tional modes of an optically levitated nonspherical nanoparticle. By expanding the trapping potential to the
fourth order of both the translational and librational freedom degrees, we deduce the nonlinearity of them
and their nonlinear coupling. Through stability analysis, we find that the system presents multi-stability
when either the librational or the translational drive is red-detuned. The system will be stabilized if and
only if these two drives are both blue-detuned. In the steady state region, we study the synthetic cooling
scheme of translational mode by utilising librational mode. We find that matching the driving amplitude of
these two modes and appropriate air pressure can optimize synthetic cooling. The synthetic cooling limit
can be greatly improved, if we combine the feedback cooling with the synthetic cooling.
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I. INTRODUCTION
Advancing research progress in quantum optomechanics has attracted people’s a lot interest
and paved a way for many applications in the past decade [1–3]. The optomechanical systems
have been applied in many areas, such as generating macroscopic quantum superpositions and
entanglement [4–6], ultra-sensitive detectors for force [7, 8], quantum information processing
[9–11]. On the ground of different research demands, people studied different optomechanical
systems, such as the microtoroid [12], the near-field coupled nano-mechanical oscillators [13],
the membrane [14], the superconducting circuits [15], the optical levitated nanoparticles [16, 17]
and etc. As a novel optomechanical system, the optically levitated system increasingly attracts
people’s attention due to its high mechanical quality factor Q at vacuum (potentially approaching
Q = 1012) and reconfiguration. Such system can be applied to verify the fundamental principle
of quantum mechanics [18–21] and statistical physics [22–27] and to further investigate nonlinear
dynamics [28, 29], precise measurement and etc [30–36].
The optically levitated systems not only have high mechanical Q, but also have multiple me-
chanical degrees of freedom, such as translation, rotation and libration. The translational mode
can be used to measure the instantaneous velocity of Brownian particle [22, 23], the nanoscale
temperature [37], and the magnetic field [38]. The rotation of nanorods and nanoparticles levi-
tated by laser beam also attracts a lot of attentions recently [39]. Circularly polarized trapping
laser beam is a well adapted method for particle rotation, and the stable rotation rate of particle
can reach up to 5 MHz [40] or even GHz [41, 42]. Spatial light modulator based approach [43]
and perfect vortex beam with orbital angular momentum [44] also can be utilized for the particle’s
rotation. Meanwhile, librational (torsional) mode has been experimentally observed and theoret-
ically explained [45–47]. The sideband cooing scheme of the torsional mode was also proposed
[47]. This work stimulated a series of works such as the decoherence mechanism of the librational
modes [48, 49], and coupling librational modes with the internal spins [50, 51] or the translational
degree of freedom [52].
While nonlinearity is ubiquitous and could affect the physical property of optomechanics, the
nonlinear optomechanical systems can be used to testify phenomenna of fundamental physics [28,
29, 53], bistability [54–56], multi-stability [57] and chaos [58, 59]. Many applications of nonlinear
optomechanical systems have been reported as well, such as ultrasensitivity optical sensor [60, 61],
cooling by utilising nonlinearity [62, 63]. In Ref. [64], the nonlinearity of the optically trapped
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nanoparticle’s librational mode is studied. It is found that the red detuning driving can induce
bistability of librational mode and single mode squeezing can be realised in blue detuning driving.
Stimulated by the previous investigations on the nonlinearity of the librational mode, here we
systematically study the nonlinearity of both the librational and the translational modes of a lev-
itated nonspherical nanoparticle, and derive the nonlinear coupling Hamiltonian between the two
modes. The librational and translational modes are stable at the same time if and only if the
drives on these two mode are both blue-detuning. As long as the red-detuning drive exists, the
two motional modes will be bistable or multi-stable. In the steady state regime, the linearized
beam-splitter Hamiltonian is derived, and the synthetic cooling of the translational mode by the
librational mode is studied [36]. For this synthetic cooling process, the residual air pressure must
be matching with effective coupling strength between the librational and translational modes in
the effective beam-splitter like Hamiltonian. Besides, the driving amplitudes of these two modes
should match each other in order to obtain the optimal sympathetic cooling ratio. Finally, the
feedback cooling can improve the sympathetic cooling ratio of translational mode.
This paper is organized as follows: In Section II, we theoretically investigate the effective
Hamiltonian and the nonlinearity of librational and translational modes of a nonspheric nanopar-
ticle trapped by laser beams. Consequently, in Section III, we take the stability analysis of this
nonlinear system. After that in Section IV, we deduce the Beam Splitter Hamiltonian in steady
state regime and present that translational mode can be cooled by librational mode. By utilising
feedback cooling, we can increase synthetic cooling ratio of the translational mode. Finally in the
last section we present a brief conclusion and a perspective to future studies.
II. THE EFFECTIVE HAMILTONIAN
We consider a nanoparticle that is trapped by two strongly focused laser beams that are counter
propagating in horizontal direction as shown in Fig.1. The nanoparticle has three translational
modes and three librational modes in focal plane [39, 47]. Here, we consider one librational mode
and one translational mode of an optically levitated ellipsoidal nanoparticle with long axis ra, short
axis rb = rc and the density ρ. The potential energy of the ellipsoid in the optical tweezers is [47]:
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FIG. 1: (a) A schematic diagram for a ellipsoidal nanoparticle trapped by a laser. The relation between the
Cartesian coordinate systems of the nanoparticle (xN), the trapping laser polarization (xT ), and the lens (xl,
yl, zl). The xN axis aligns with the longest axis of the nanoparticle. xT and xl axes align with the trapping
laser and the center of the two lenses, respectively. The angle between xN and xT is θ. The librational mode
and translational mode are denoted by bθ and by. The nanoparticle is trapped in a focal plane.
U(θ, y) = − V
2c
[κx − (κx − κy) sin2 θ]Iy(y)
Iy(y) = I0e
− 2y2
ω20 (1)
where V = 4pirar2b/3 is the volume of the ellipsoid, c is the speed of the light, κx,y = αx,y/(0V)
are the effective susceptibility of the ellipsoid, 0 is the vacuum permittivity, and θ is the angle
between the long axis(ra) of the ellipsoid and the electric field of the trapping laser beam. Iy(y)
is the intensity of trapping laser along y-direction, I0 is the center intensity in the focal plane,
I0 =
2P0
piω0
2
, P0 and ω0 are power and waist of the laser respectively.
The particle tend to minimize its potential energy when it is cooled down. Therefore, both the
position y and the angle θ would approach to zero. Here, in order to obtain the high order effects
of both the librational and translational modes, we expand potential function to the forth order of
both y and θ around the equilibrium position, y = 0 and θ = 0. The potential becomes
U(θ, y) = U0[κx − 2κx
ω20
y2 − κxyθ2 + 2κx
ω40
y4 +
κxy
3
θ4 +
2κxy
ω20
θ2y2 − 2κxy
ω40
θ2y4 − 2κxy
3ω20
θ4y2 +
2κxy
3ω40
θ4y4] (2)
where U0 = −VI02c and κxy = κx − κy. In order to quantize the librational mode and translational
mode, we define the following operators
θˆ =
√
~
2Iωθt
(bˆθ + bˆ
†
θ), pˆθ = i
√
Iωθt ~
2
(bˆθ − bˆ†θ)
yˆ =
√
~
2mωyt
(bˆy + bˆ†y), pˆy = i
√
mωyt ~
2
(bˆy − bˆ†y).
,
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FIG. 2: The nonlinear coefficients of a glass ellipsoid particle optically levitated by laser beam. Different
line presents different order of nonlinearity, where ηθ, ηy and ηθy are nonlinearity of librational mode, trans-
lational mode and the coupling between them. η1, η2 and η3 are 6th and 8th order nonlinearity respectively.
The 6th and 8th order nonlinear coefficients can be neglected. The long axis of particle, ra, is 50 nm and rb
is short axis. The laser power and waist are respectively 0.1 W and 0.6 µm.
The commutations of them are [θˆ, pˆθ] = i~ and [yˆ, pˆy] = i~. The Hamiltonian of this system
H = T + U(θ, y) can be written as
H = ~ωθt bˆ
†
θ bˆθ + ~ω
y
t bˆ
†
y bˆy −
~2
8mω20
(bˆy + bˆ†y)
4 − ~
2
24I
(bˆθ + bˆ
†
θ)
4
− ~
2
4ω0I
√
(r2a + r2b)
2κxy
10κx
(bˆθ + bˆ
†
θ)
2(bˆy + bˆ†y)
2
+
~3κxy
16mIω20κx
√
cpiρω20(r
2
a + r
2
b)
2
10κxyP0
(bˆθ + bˆ
†
θ)
2(bˆy + bˆ†y)
4
+
~3
48mI
√
cpiρ
κxP0
(bˆθ + bˆ
†
θ)
4(bˆy + bˆ†y)
2 +
~4cpiρ
192m2IκxP0
(bˆθ + bˆ
†
θ)
4(bˆy + bˆ†y)
4,
where T = Iθ˙2/2, with I = 4piρrar2b(r
2
a + r
2
b)/15 being the rotational inertia of the ellipsoid. In this
Hamiltonian, the 4th order nonlinear coefficient are ηθ = ~24I , ηy =
~
8mω20
and ηθy = ~4ω0I
√
(r2a+r2b)
2κxy
10κx
,
the 6th order nonlinear coefficients are η1 =
~2κxy
16mIω20κx
√
cpiρω20(r
2
a+r2b)
2
10κxyP0
and η2 = ~
2
48mI
√
cpiρ
κxP0
and the 8th
order nonlinear coefficient is η3 =
~3cpiρ
192m2IκxP0
.
As shown in Fig. 2, both the 8th order and the 6th order terms are much less than the 4th order
term. Therefore, the 6th and 8th order nonlinear terms can be omitted. The Hamiltonian Eq.( 3)
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can be simplified as follow,
Hˆr = ~ωθt bˆ
†
θ bˆθ + ~ω
y
t bˆ
†
y bˆy −
~2
8mω20
(bˆy + bˆ†y)
4 − ~
2
24I
(bˆθ + bˆ
†
θ)
4
− ~
2
4ω0I
√
(r2a + r2b)
2κxy
10κx
(bˆθ + bˆ
†
θ)
2(bˆy + bˆ†y)
2. (3)
Both librational and translational modes can be driven by lasers, whose driving amplitudes and
frequencies are respectively Ω1, Ω2, ωl1 and ωl2 for both librational and translational modes [64],
the driving Hamiltonian can be described as
Hˆdr =
~Ω1
2
(bˆθeiωl1t + bˆ
†
θe
−iωl1t) +
~Ω2
2
(bˆyeiωl2t + bˆ†ye
−iωl2t). (4)
In rotating wave frame, the Hamiltonian is transformed following HˆRM = Uˆ†(Hˆr + Hˆdr)Uˆ −
~ωl1bˆ
†
θ bˆθ − ~ωl2bˆ†y bˆy and Uˆ = e−i(ωl1bˆ
†
θ bˆθt+ωl2bˆ
†
y bˆyt), and rotating wave approximation can be utilized
for this system. Under the condition ωl1 , ωl2, the effective Hamiltonian can be written as
HˆRWA = − ~(∆l1 + 2ηθy)bˆ†θ bˆθ − ~(∆l2 + 2ηθy)bˆ†y bˆy +
~Ω1
2
(bˆθ + bˆ
†
θ) +
~Ω2
2
(bˆy + bˆ†y)
− 3~ηθ(bˆ†2θ bˆ2θ + bˆ2θ bˆ†2θ ) − 3~ηy(bˆ†2y bˆ2y + bˆ2y bˆ†2y ) − 4~ηθybˆ†θ bˆθbˆ†y bˆy. (5)
Here we neglect the highly oscillation terms with frequency of ±2ωl1/l2 and ±4ωl1/l2. ∆l1/l2 =
ωl1/l2 − ωθ/yt . The above Hamiltonian contains the nonlinear terms for both the librational and the
translational modes, and the nonlinear coupling between them.
III. MULTI-STABILITY, BISTABILITY AND STABLE CONDITIONS
In previous section, we have deduced an effective Hamiltonian (5) for the system with high non-
linearity. The system may show bistable, even multi-stable states other than stable states through
the specific drivings. We will study the stable condition through master equation method based on
Hamiltonian (5) in this section. The master equation that describes the dynamics of a nanoparticle
which couples with the thermal bath [65] is
˙ˆρ(t) =
1
i~
[HˆRWA(t), ρˆ] +Lθρˆ +Lyρˆ, , (6)
whereLθ/y =
(1+nθ/y)
2 γθ/yDbθ/y+
nθ/y
2 γθ/yDb†θ/y
, with the Lindblad operatorDx(ρ) = 2xρx†−x†xρ−ρx†x.
Here γθ/y is the decay rate of librational (translational) mode, and nθ/y is the average phonon
number of the librational (translational) thermal reservoir. To investigate the steady state property
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and the quantum fluctuation of both the librational and the translational modes, the amplitude
of the librational mode βθ/y(t) is split into two terms: the average amplitude βθ/y and fluctuation
δbθ/y(t). Using the master Eq.( 6), we can deduce that the motional equations for βθ and βy
∂
∂t
βθβy
 =

(
− γθ2 − i
(
∆l1 − 12ηθ(|βθ|2 + 1) − 4ηθy|βy|2))βθ − iΩ12(
− γy2 − i
(
∆l2 − 12ηy(|βy|2 + 1) − 4ηθy|βθ|2))βy − iΩ22
 . (7)
Here we apply the semiclassical approximation, and neglect the terms
〈
bˆ†θ/ybˆ
2
θ/y
〉
−
〈
bˆ†θ/y
〉 〈
bˆ2θ/y
〉
.
Therefore, we have
〈
bˆ†θ/ybˆ
2
θ/y
〉
= β∗θ/yβ
2
θ/y. This approximation requires fluctuation terms
〈
(δbˆθ/y)2
〉
and
〈
δbˆ†θ/yδbˆθ/y
〉
to be much less than |βθ/y|2.
To study the steady state more precisely, we derive the equations for the steady state as follows:(
− γ
2
θ
4
+
(
∆1 − 12ηθ(n˜θ + 1) − 4ηθyn˜y)2)n˜θ = Ω214 ,(
− γ
2
y
4
+
(
∆2 − 12ηy(n˜y + 1) − 4ηθyn˜θ)2)n˜y = Ω224 , (8)
where n˜θ/y = |βθ/y|2 is the average phonon number of the librational (translational) mode and
∆1/2 = ω
θ/y
t −ωl1/l2 − 2ηθy. Here we set all parameters (γθ, γy,∆1,∆2, ηθ, ηy, ηθy,Ω1,Ω2) are in units
of ωθt . The analytical approach to such equations is still under developed, so we study the system
through numerical method. In Eq. 8, both detuning ∆1 and ∆2 influence the steady state. Different
detuning could give various steady state property. For example, when ∆1 and ∆2 are larger than
zero, in another word, where both drives are red detuning, the system presents multi-stability
property. As shown in Fig. 3, both n˜θ and n˜y show multi-stability in some parameters region. In
this example, we choose an ellipsoidal glass particle with long axis ra = 50 nm and short axis
rb = 25 nm is trapped by laser, whose power P = 0.1 W and waist w = 0.6 µm, therefore, the
oscillating frequency of librational mode and translational mode are respectively ωθt = 2.34 MHz
and ωyt = 24.5 kHz. The pressure of the residual air P = 10−3 Pa and the temperature T = 300 K.
Hence the damping of librational mode and translational mode, γθ = 137.2 Hz and γy = 47 Hz.
The nonlinear coefficients, ηθ = 0.202 Hz, ηy = 0.105 mHz and ηθy = 2.01 mHz. Here we suppose
that the driving frequencies are fixed while the driving amplitudes are changeable. The driving
frequencies are red detuning and we have taken more examples for investigations of stability in
Appendix A. We find that the red detuning drive will make system present bistability even multi-
stability. Therefore, we should find the relation between average phonon number of librational
mode (translational mode) and driving frequencies in order to find the steady state region of this
system under the condition of fixed driving amplitudes.
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From the above example, we find that the driving frequencies determine the stability of the
librational and translational modes [64]. If the driving amplitudes of both the librational and trans-
lational modes are fixed, we can tune the driving frequencies to study the stability of these modes.
In this case, we set the drive amplitudes Ω1 = 0.5 and Ω2 = 0.5. According to the numerical
simulation of Eq.(8), the detunings ∆1 and ∆2 can affect the average phonon number of librational
(nθ) and translational (ny) modes. As shown in Fig. 4, if the effective detuning of the librational
mode and translational mode are both less than zero, (∆1 < 0 and ∆2 < 0 ), they will both be in
(a) (b)
FIG. 3: Multi-stability of librational mode and translational mode in this system when ∆1 = 0.01ωθt and
∆2 = 0.01ω
y
t . (a) the average phonon number of librational mode n˜θ as a function of Ω1 and Ω2 in the red
detuning drive. (b) the average phonon number of translational mode n˜y as a function of Ω1 and Ω2 in the
red detuning drive where the residual air pressure P = 1 mPa and temperature T = 300 K. The long axis
and short axis are respectively 50 nm and 25 nm, Ω1 and Ω2 are in units of ωθt .
(a) (b)
FIG. 4: Multi-stability and Bistability of librational mode and translational mode driven by amplitudes
Ω1 = 0.5 and Ω2 = 0.5. The average phonon number of librational mode n˜θ (a) and the average phonon
number of translational mode n˜y (b) are dependent of ∆1 and ∆2. Other parameters are the same to those in
Fig.3.
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steady state. When ∆2 < 0 and ∆1 is arbitrary, the average phonon number of translational mode
will be in steady state. For the rest cases the librational mode and translational mode will not
present steady state. In conclusion, the driving frequency determines the stability of librational
and translational modes. If both the librational and translational modes are simultaneously in the
steady state, the conditions ∆1 < 0 and ∆2 < 0 should be satisfied.
Another steady state example for the n˜θ and n˜y is shown in Fig. 5, where both two modes
are in the blue detuning drives. In this case, the average phonon number n˜θ and n˜y can present
steady state property in arbitrary drive amplitudes Ω1 and Ω2. This example verifies the conclusion
that the coupling bistable system have steady state in blue detuning drivings for arbitrary driving
amplitudes.
In summary, n˜θ and n˜y have steady state, bistable state and multistable state in different param-
eters region shown as above. When one of the drive frequencies ωl1 and ωl2 is red detuning, the
average phonon number n˜θ and n˜y will show multi-stability or bistablility in small drive amplitude,
however the increment of drive amplitude can make n˜θ and y˜ present steady state. It is interesting
that when ωl1 and ωl2 are blue detuning, the average phonon number n˜θ and n˜y always present
steady state for arbitrary drive amplitude. When the system is in the steady state regime, the driv-
ing induced effective coupling between the librational and translational modes can be useful for
synthetic cooling.
(a) (b)
FIG. 5: Steady state of librational mode and translational mode in ∆1 = −0.1 and ∆2 = −0.1ωyt this system.
(a) the average phonon number of librational mode n˜θ versus Ω1 and Ω2. (b) the average phonon number of
translational mode n˜y versus Ω1 and Ω2. Other parameters are the same to Fig.3.
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IV. SYNTHETIC COOLING OF TRANSLATIONAL MODE
In the previous section, we discussed the multi-stability of the librational and translational
modes, and found the parameter region for the steady states. As we know, the nonlinearity not only
stimulates the multi-stability but also induces some novel quantum properties. Here, we discuss
another nonlinearity induced phenomena, the synthetic cooling of the translational mode by the
librational mode. Through the standard linearization method, we can get the linearized effective
Hamiltonian and set δbˆθ/y → bˆθ/y for simplicity, and |βθ/y|  1, the linearized Hamiltonian reads
Hˆl = Hˆ0l + Hˆθl + Hˆyl + Hˆθl (9)
where
Hˆ0l = ~
(
∆1 − 24ηθ|βθ|2 − 4ηθy(|βy|2 + 1))bˆ†θ bˆθ + ~(∆2 − 24ηy|βy|2 − 4ηθy(|βθ|2 + 1))bˆ†y bˆy,
Hˆθl = −3~ηθ(bˆ†2θ bˆ2θ + 2β2θ bˆ†2θ + 2βθbˆ†2θ bˆθ + 2βθbˆθbˆ†2θ + H.C.), (10)
Hˆyl = −3~ηy(bˆ†2y bˆ2y + 2β2y bˆ†2y + 2βybˆ†2y bˆy + 2βybˆybˆ†2y + H.C.),
Hˆθy = −4~ηθy(12 bˆ
†
θ bˆθbˆ
†
y bˆy + βybˆθbˆ
†
y bˆθ + βθbˆ
†
θ bˆ
†
y bˆy + βθβybˆ
†
θ bˆ
†
y + βθβ
∗
ybˆ
†
θ bˆy + H.C.).
It is clear that the condition ∆1 − 24ηθ|βθ|2 − 4ηθy(|βy|2 + 1) = ∆2 − 24ηy|βy|2 − 4ηθy(|βθ|2 + 1) + δ
can be satisfied by adjusting the drive frequencies ωl1 and ωl2. For convenience, ∆eff1 = ∆1 −
24ηθ|βθ|2 − 4ηθy(|βy|2 + 1) and ∆eff = ∆2 − 24ηy|βy|2 − 4ηθy(|βθ|2 + 1) are fixed, and ∆eff1 − ∆eff2 = δ.
By utilizing the rotating frame Transformation and the rotating wave approximation, Eq.(9) can
be transformed into beam-splitter-like Hamiltonian
Hˆbs = Hˆbs1 + Hˆbs2 = −~δbˆ†y bˆy − 4~ηθy(βθβ∗ybˆ†θ bˆy + H.C.), (11)
where Hˆbs1 = −~δbˆ†y bˆy, and Hˆbs2 = −4~ηθy(βθβ∗ybˆ†θ bˆy + H.C.).
Based on Hamiltonian (11), the master equation of the system is
˙ˆρ(t) =
1
i~
[Hˆbs(t), ρˆ] +Lθρˆ +Lyρˆ, (12)
whereLθ =
γθ
2 (1+ n¯θ)Dθ +
γθ
2 (n¯θ)Dθ† ,Ly =
γy
2 (1+ n¯y)Dy +
γy
2 (n¯y)Dy† andDx = 2xρx
†− x†xρ−ρx†x
is the Lindblad superoperation for x to be θ or y. nθ and ny are the average thermal phonon number
of librational and translational mode reservoir, respectively. From Eq.( 12), we can adiabatically
eliminated the librational mode to get the reduced master equation for the translational mode, and
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vise versa. Therefore, we can define two superoperatorsLint andL f ree.
Lint = − i
~
[Hˆbs1, ·],
L f ree = − i
~
[Hˆbs2, ·] +Lθ +Ly. (13)
In the weak coupling limit, we get the reduced density matrix ρy which satisfies
ρ˙y(t) = − i
~
[Hˆbs1, ρy(t)] +Ly − 1
~2
Trθ
([
Hˆbs2,
∫ ∞
0
dt
′
[eLfreet
′
(Hˆbs2), ρy(t)
⊗
ρθ]
])
. (14)
Therefore, we can have
d
dt
ρy(t) = iδ
(
1 − 64η
2
θy|βθβy|2
(γθ + γy)2 + 4δ2
)
[bˆ†y bˆy, ρy]
+
(γy
2
(1 + n¯y) +
32(γθ + γy)η2θy|βθβy|2
(γθ + γy)2 + 4δ2
(1 + 〈nˆθ〉)
)
Dy(ρy(t)) (15)
(γy
2
n¯y +
32(γθ + γy)η2θy|βθβy|2
(γθ + γy)2 + 4δ2
〈nˆθ〉
)
Dy†(ρy(t)).
By setting η˜ =
32(γθ+γy)η2θy |βθβy |2
(γθ+γy)2+4δ2
, we can get the evolution equation of the fluctuation of average
phonon number of the translational mode,
d
dt
〈nˆy〉 = −
(
(1 + n¯y)γy + 2η˜(1 + 〈nˆθ〉)
)
〈nˆy〉
+
(
n¯yγy + 2η˜〈nˆθ〉
)
(1 + 〈nˆy〉). (16)
And for the librational mode, we can have the similar evolution equation of the fluctuation of
average phonon number of the librational mode,
d
dt
〈nˆθ〉 = −
(
(1 + n¯θ)γθ + 2η˜(1 + 〈nˆy〉)
)
〈nˆθ〉
+
(
n¯θγθ + 2η˜〈nˆy〉
)
(1 + 〈nˆθ〉). (17)
By solving Eq.(16) and (17), we can get the average fluctuations of the steady state phonon
number for both translational and librational modes.
〈nˆy〉 = n¯y −
64γθ(γθ + γy)η2θyn˜θn˜y
γθγy
(
(γθ + γy)2 + 4δ2
)
+ 64(γθ + γy)2η2θyn˜θn˜y
(ny − nθ),
〈nˆθ〉 = n¯θ +
64γy(γθ + γy)η2θyn˜θn˜y
γθγy
(
(γθ + γy)2 + 4δ2
)
+ 64(γθ + γy)2η2θyn˜θn˜y
(ny − nθ). (18)
For simplicity, we set 〈nˆy〉 = ny and 〈nˆθ〉 = nθ. Because the translational mode and the librational
mode are in the same temperature before cooling, the average excitation number n¯θ of librational
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FIG. 6: Relation between the cooling ratio ξ and δ for different residual air pressure. Different line present
different pressure and environment temperature is 300 K. The drive amplitude Ω1 = 0.1 and Ω2 = 0.01.
∆1 = 10−3 and ∆2 = 10−3ωyt . These parameters are in units of ωθt . The long axis and the short axis are
respectively 50 nm and 25 nm. The power and the waist of laser beam are 100 mW and 0.6 µm respectively.
mode is much less than the translational mode average excitation number n¯y. Therefore, the trans-
lational mode can be cooled and the librational mode is heated after synthetic cooling. The cooling
ratio ξ = n′y/ny could be used to qualify the cooling.
As previously mentioned, the translational mode is cooled and the cooling ratio (ξ) is deter-
mined by the decay of translational and librational mode, γy and γθ. These decays depend on both
the residual air pressure (P) and the environment temperature T . The difference (δ) between ∆eff1
and ∆eff2, is also important for cooling. The steady state phonon number of both the librational and
translational mode (n˜θ and n˜y) are controlled by the driving amplitudes (Ω1 and Ω2). Therefore,
we should consider the effect of the driving amplitudes for cooling. At first, we fix the driving
amplitude (Ω1 = 0.1 and Ω2 = 0.1) and the environment temperature (T = 300 K). The cooling
ratio ξ is only determined by residual air pressure(P) and δ, as shown like Fig. 6. The numerical
solution presents that the higher vacuum is better for cooling. Nevertheless, when the residual air
pressure is higher than 10−5 Pa, the cooling ratio is saturated. The optimal cooling takes place
when the effective detuning ∆eff1 and ∆eff2 match each other perfectly.
Driving amplitudes, Ω1 and Ω2, can affect the steady phonon number n˜θ and n˜y, the driving
amplitudes also affect the cooling ratio ξ. Taking Fig. 7 (a) for and example, when the driving
amplitude of librational mode is fixed, the increment of Ω2 is good for cooling. Ω1 also plays part
in this process. When Ω1 is small, although increment Ω2 is good for cooling, the cooling ratio will
reach limit and trend to constant when Ω2 is larger than 0.01, for example Ω1 = 0.05 in Fig. 7(a).
Similar phenomenon also happens when Ω1 is changing for fixed Ω2, for example Ω2 = 0.01 in
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FIG. 7: The relatiob between the cooling ratio of the translatioanl mode and the drive amplitudes. Ω1 is
fixed in (a)) and Ω2 is fixed in (b). The residual air pressure P is 10 µPa and temperature T is 300 K. The
size of particle and trapping laser is the same with Fig. 6.
Fig. 7(b). Therefore, the driving amplitude of these two mode should cooperate for cooling. When
the driving amplitude increases, the cooling ratio will gradually saturates shown as the dashed and
doted dashed lines in Fig. 7. When Ω1 or Ω2 are fixed and optimized for cooling, the increment
of Ω2 or Ω1 cannot remarkably strengthen cooling effect. Fig. 7 shows that the cooling ratio is
ξ = 0.57.
In order to get higher cooling effect, the feedback cooling can be used. When the cooling
ratio of the translational mode saturates, the feedback cooling scheme can improve the cooling
ratio further. The fluctuation of steady state phonon number of translational mode after feedback
cooling reads
n′y = n¯y −
64(γθ + γfb)(γθ + γfb + γy)η2θyn˜θ
′n˜y′
γy(γθ + γfb)
(
(γθ + γfb + γy)2 + 4δ2
)
+ 64(γθ + γfb + γy)2η2θyn˜θn˜y
(ny − nθ). (19)
where n′y is the fluctuation of steady state phonon number of the translational mode under the
feedback cooling and n˜′θ/y is the steady state phonon number of librational mode or translational
mode. In this scheme, the residual air pressure P and environment (T ) are fixed, the decays
of librational and translational mode do not change. By increasing the feedback strength, the
synthetic cooling ratio can be promoted further for the fixed driving amplitudes. Meanwhile,
because driving amplitudes directly affect the steady state average phonon numbers, n˜′θ and n˜
′
y, the
synthetic cooling ratio is also determined by driving amplitudes of the translational and librational
modes. For depicting more clearly, the decay caused by feedback γfb can be in units of γθ.
As shown in Fig. 7, the synthetic cooling of translational mode will saturate when the driving
amplitudes increase. The feedback cooling scheme can break through the saturation of synthetic
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FIG. 8: Cooling ratio of transitional mode in different driving amplitude. Different line presents different
drive amplitude of librational mode and translational mode. The parameters are the same to those in Fig. 6.
cooling and promote the cooling ratio in Fig. 8. Because driving amplitudes is also an important
aspect for the synthetic cooling of translational mode, Ω1 and Ω2 will affect the cooling ratio.
When Ω1 and Ω2 do not match each other, the synthetic cooling ratio will not be significantly
promoted and even the translational mode will be heated with the increment of feedback strength.
For example, the red-dashed line in Fig. 8. And when the driving amplitudes match each other, the
synthetic cooling ratio can be significantly improved and even reaches one percent of the ambient
temperature shown as blue line in Fig. 8. In a word, feedback cooling can effectively improve the
synthetic cooling ratio when driving amplitudes match each other or else feedback cooling will
heat the translational mode.
V. DISCUSSION AND CONCLUSION
In the last section, the beam-splitter Hamiltonian was obtained by adjusting the driving fre-
quency for the cooling of translational mode. And when ∆1 − 24ηθ|βθ|2 − 4ηθy(|βy|2 + 1) =
−(∆2 − 24ηy|βy|2 − 4ηθy(|βθ|2 + 1)) + ϕ with constant ϕ, the linearised Hamiltonian Eq.(9) can
be transformed to the two-modes squeezing Hamiltonian as follow:
Hˆtms = −4~ηθy(βθβybˆ†θ bˆ†yeiϕ + H.C.). (20)
In this way, the two-mode squeezing between the librational and the translational modes can also
be generated, similarly as the Ref. [66–68].
In this paper we systematically studied the coupling nonlinearity between librational mode and
translational mode of an optically levitated ellipsoidal nanoparticle. The coupling of librational
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mode and translational mode is small, but it should not be neglected when proper driving is applied.
For coupling the Hamiltonian of these two motive modes, the stable-state analysis shows the driven
librational mode and translational mode could have coupling bistability and one red-detuning drive
of any mode could also stimulate the bistablity of other mode. In order to stabilize the system,
the drives on the librational and the translational modes should be both blue-detuned. For the
linearized coupling Hamiltonian between librational mode and translational mode, the synthetic
cooling can be realised in steady state regime. To cool the translational mode by the librational
mode, the lower pressure of air residual is always not helpful to translational mode cooling, and
the cooling efficiency can be saturated when pressure decreases. The driving amplitude of these
two modes is also important for sympathetic cooling, and the driving amplitude matching each
other can increase the cooling efficiency of translational mode. However, here the cooling ratio
is only 0.57 of the initial temperature. To solve the problem we used the feedback cooling about
librational mode for cooling the translational mode. This scheme breaks through the cooling
ratio and improves the cooling efficient remarkably, and even reaches one percent of the ambient
temperature. These investigations give us a new platform for the preparing macroscopic ground
state, quantum information processing, etc.
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Appendix A: Coupling bistability in Different detuning region
In Sec. III, the red-detuning drive induces the bistability and multi-stability of this coupling
system of librational mode and translational mode. Fig. 3 gives us an example of the multi-
stability for librational mode and translational mode when the driving frequencies are red-detuned.
To show this property more clearly, the multi-stability of nθ and ny about Ω1 are shown as Fig. 9
when Ω2 = 0.025 and Ω1 ≤ 0.15.
At the same time, if we choose Ω1 = 0.02, the multi-stability of n˜θ and n˜y about Ω2 is shown in
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FIG. 9: Multi-stability of n˜θ and n˜y in this system when Ω2 = 0.025. (a) The multi-stability of n˜θ versus the
driven amplitude Ω1 under red detuning versus ωl1 and ωl2. (b) The multi-stability of n˜y versus the driven
amplitude Ω1 under red detuning about ωl1 and ωl2. Other parameters are the same to those in Fig.3.
Fig. 10. When Ω2 > 0.04, n˜θ is single valued (stable), and n˜y is also single valued (stable).
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FIG. 10: Stability of n˜θ and n˜y in this system when Ω1 = 0.02. (a) The stability of n˜θ versus the driven
amplitude Ω2 under red detuning about ωl1 and ωl2. (b) The stability of n˜y versus the driven amplitude Ω2
under red detuning about ωl1 and ωl2. Other parameters are the same to those in Fig.3.
When the effective driving detunings ∆1 ≤ 0 and ∆2 ≥ 0, n˜θ and n˜y will have bistability, as
shown in Fig. 11. Similarly, when ∆1 ≥ 0 and ∆2 ≤ 0, n˜θ and n˜y will present bistability as shown
in Fig. 12. However, in some parameter region of these two case, n˜θ and n˜y have steady state
property, for example, Ω2 ≥ 0.05 in Fig. 11 and Ω1 ≥ 0.08 in Fig. 12, the average phonon number
n˜θ and n˜y have steady state property, it is useful for quantum measurement, quantum manipulation
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(a) (b)
FIG. 11: Bistability of librational mode and translational mode in ∆1 = −0.01 and ∆2 = 0.01ωyt for this
system. (a) the average phonon number of librational mode n˜θ versus Ω1 and Ω2. (b) the average phonon
number of translational mode n˜y versus Ω1 and Ω2. Other parameters are the same to those in Fig.3.
(a) (b)
FIG. 12: Bistability of librational mode and translational mode in ∆1 = 0.01 and ∆2 = −0.01ωyt this system.
(a) the average phonon number of librational mode n˜θ versus Ω1 and Ω2. (b) the average phonon number of
translational mode n˜y versus Ω1 and Ω2. Other parameters are the same to those in Fig.3.
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